SOLUTION EXERCISE SHEET 10

Exercise 1. Since U is open, we know that for any z € K there exists an e, > 0
such that D._(z) C U. Set 6, = %sz. Then, given that Ds_(2) is an open cover of the

.....

N
K C U Ds, (z;) = V.

j=1
Then, by construction V C Ujvzl Das., (zj) C U. Note that V is also compact. This
follows directly from the Heine-Borel theorem. By employing the same arguments as
before, we can find a cover of V by finitely many balls {D%rj (&) }j=1..m, where the
r; are chosen such that

D, (&) C U.
Set, § = %min{rl, Ty...,rn}. Then, for any ¢ € V there exists a j € {1,..., M} such
that g € D1, (&¢;). From the triangle inequality it then follows that D(gq,d) C U.

Exercise 2. Note that the path in question looks as follows.

-2 -1

In particular, one readily computes that v is a piecewise smooth closed path. First,
we define
0 :[0,1] = [0,4], o(t) =4t
and set
Yo(t) =y 0 p(t)
and recall that

7{0 f(z)dz = Wf(z)ol,z.
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Next, we define the homotopy
[(s,t) = (1 — 8)y(t) + se*™+m.
Then, since f(z) = <& _ SH;# is holomorphic on C, and, as I'(s,t) # 0 for all

7{ 1z = f 7(2)

(s,t) €10,1]%, we conclude that
where v, (t) = T'(1,t) = > Now, one way of computing the integral is to invoke

the Cauchy integral theorem to compute that

f COS(Z)dz = 2mi cos(0) = 271,
7 <

_7{ sin(z)d B _@6’3 Sin(z)’ i i
"

= R b= o0 =

3 3’

and conclude that

fi F(2)dz = ?

Alternatively, one performs a Taylor expansion and computes the integral term by
term. The result is then a straightforward consequence of the fact

]{ " 2miif n = —1
2"dz = .

m 0ifneZ\{-1}.
Exercise 3. We start by rewriting f as

) 1
f(z):,zQ—(3+i)z+2+2i: (z=2)(z—(1+19)

Then, as neither pole lies on the contour that we are concerned with, the integral is

well defined. Next, by doing a partial fraction decomposition, we see that

B 1 1 1 1
1@ =g —as ~ 1= (z—2 N z—(1+¢))‘
Hence, f is holomorphic up to two points. Note that a parameterization of the ellipse
in question is given by

v(t) = V10 cos(t) 4 iv/20 sin(t).
Therefore, we can use the homotopy
(s, t) = V10 cos(t) 4 i1/10(1 + s) sin(t)
to obtain an integral around the circle of radius v/10, i.e., along the curve
Yo(t) = V10e*".

Now, there are several ways to see that the integral in question is equal to 0. The
fastest way is to apply the Cauchy integral theorem to the constant function f(z) = 1.
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Another, less sophisticated way is as follows. We define two more homotopies, namely
['y(s,t) :== V10> 4 2s.
[y(s,t) := V10> — 5(1 + 1)

These homotopies translate the circle. In particular, one computes that

1 1 1 1 omi (! 27ri
]4 dz = j{ dz = m,/dz: m.
1—2 1-\(0715)2'—2 1—2 1-\1(1715)2—2 1—2 0 1—2
and

1 1 1 1 2mi (1 2mi
_ % _ dZ:— f —_— dZ:— 7”./ dZ:— Tm,.
L—i Jron z— (1+1) L—i Jr,an 2 — (1+1) 1—1J, 1—i
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